4 Rememberp

| i+ = ax, x € Ris a linear function then f(x - y) = alx — y) = ax —ay = f(x) = flv)

w - y) = fx) - fly)
mem 1: For o, p € R,
(i) cos(o — ﬁ_) = coso. cosB + sino sinf

il - 1 (i) cos(’g—e) = sin6
e - 2 (i) sin(a — B) = sina cosp — coso sinP

Sume formulae :

(ii) cos(oe + P) = coso cosp — sina sinf

(ii) sin(g‘—e) = cosf

(ii) sin(c + B) = sina cosp + cosa sinf

\ 11
‘ . Y=
\J\Q/ N 2
“(n T o) i
o P(Q sm('2—+9) = cos0 sin(g“e) = cosf
Ly
. 8O/ T
9> cos(g +9) = —sin® cos(%—e ;= sin®
T s
tan(g*‘ej = —cotf tan(g—e) = cotf
sin(t — 6) = sin® sin(2n + 6) = sind
cos(t — 0) = —cosb cos(2n + 6)= cosb
tan(r — 6) = —-tan® tan(2n + 0) = tan®
'x'l T AX
T 2n
sin(t + 0) = -sin® sin(2x — 6) = -sinb
| cos(m + 0) = —cosb cos(2m — 6) = cosb
‘ tan(n + 6) = tan® tan(2n — 0) = —tan®
3 3n
sm(—z-"e) = —cosB sin(‘2—+9 = —cos6
: o )-emo
/)D(\ >, .
e 3n 3n ~ 1) A e d
B cos(—z-—e) = -sind cos(7+9) ST P 1 (‘%j +‘9) A
\ 3n 3n
1 tan —2“9 = cot® tan "2""9 = —cot
\L 3n
v
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* Some important results :

e e

Slnﬁz a ; COSE=T
= Br e g o s
B e s Ty
() sin(e + B) sin(o - B) = sin2g - sinB
= cos?B - cos2q,
(i) cos(e + B) cosfo = B) = cosZe — sin?p

= cos?B - sin2g,
%  flo) = acoso + bsina, a, b e R, a2 + b2 2 0

(i) fa =10 b0 then range off(oc)=[—|b|, Ibl].
(ii) fa=0 b=0 then range of flo) = [-lal, lal].
(i) fa =0, b % 0 then range of floa) = [-,/q? 4+ p2 | \/02 L]

% Addition formulae of tan and cot functions :

tana + tanf

() o B, o+ BeR- {(2"‘1)%/"“} then, tan(o + ) = 1 - tana tanp and

A\

tana — tanf3
1 + tano tanp

a, B, a-BeR {(Zk—l)g/kez} then, tan(a - B) =

cotorcotfl — 1

(@) o B a+peR-{kn/kec 2 then, cotlo + Pl = “cota+ corp and

cotocotf + 1

o, B a-BeR- lkn /k e Z) then, cot(o, - B) = cotP = cota

= s 5m
E tanﬁ 2~ J8 and tanﬁ 2+ 3

T om
cotE =2+ /3 and cotﬁ = 2E
or difference as a product.

(i) sin(a + B) + sinf -~ B) = 2sing, cosf
(ii) sin(a + B) - sinf@ - B) = 2cosa cosp

(iii) cos(o + B) + cos(o - B) = 2cosa cosf3
(iv) cos(oa + P) - cos(oe — B) = -2sing sinf3
* (i) sinC + sinD = 2sin¥ coscgD
(ii) sinC - sinD = 2cosC+D sinC_D
Z 2
(iii) cosC + cosD = 2cosC+D coscgD
(iv) cosC - cosD = ~25inC+D sincgD

e e e L R e



B os(180° - 45°)

tition Formulae and Factor Formulae

i —c0s45° (second quadrant)
, .
A
-@)
I 3
[ 23
= —tan \\Tn) (*+ tan is an odd function)

r {an(m%_ nj}

= _{—tan-
eng)

(v 4r - -g— is in the fourth quadrant)

E | L} ol

i V3 3

_5011:)
3

50x 4 .
= cos| —3~ (*s cos is an even function)

cosec 225°

Exercise 4.1 [Textbook Page No. 70]

T
cos (17]‘ 5 §)

()

(v 177 - s is in the second quadrant)
3

(4) sec690°

DN|—

2 = sec(720° - 30°)
= sec30° (- secerrd quadrant)
2
= \/3
(5) cosecléTn
> = cosec (47T X %)
= —cosec% (- fourth quadrant)
- i
X 7n'
(6) cot(—TJ
Tr
L3 = —cot? (. cot(-8) = —cotB)
L g = —cot(27t S g‘) (v first quadrant)
= —cotg
2l
et

Do It yourself s
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% Prove:(2to11) —sin® - cotO - sinB - cosecH
” = —sin® - (—sin®) - cosech - (—cotH)
2. cos(i + 9) sec(-0) tan(n - 0) + e TR
n 5. sin(n + .1)A - cos(n + 2)A - cos(m
sec(2n + 6) - sin(w + 0) - cot(i = 9) =0 - sin(n + 2)A = -sinA "~
m .H.S. = sin(ln + 1)A cos(n + 2)A -
= [ H.S. = cos(g + 9) - sec(-0) - tan(rt — 0) cos(n + 1)A sin=
' : . = sinf(n + 1)A - (n + 2)A]
+ sec(2rn + 6) - sin(m + 6) - cot (“2' = 9) = sin(lnA + A - nA - 2A]
= —sin® - secO - (~tan6) + secH - —sin6 - tand N v
= siné - sech tan® — sech ~sind - tand = =Silpr BEE.
0 ‘ 6. sin2(40° + 6) + sin?(50° - 6) = 1
N m  LH.S. = sin?(40 + 6) + sin%(90 - 40 -
ki = sin2(40 + 8) + sin%(90 - (40 +
sin(t — 6) cosec(r + 6) _ cosec(2m + 6) = sin2(40 + 0) + cos2(40 + )
sin(t + 6) cosec(-w +6) sin(3w — ) (" sin(90 — 6) =
= —cosec20 [Similar April 2015] 3 (-~ foundamental identity}
sin(m — 6) cosec(n +6) cosec(2r + 6) = RHS.
= LHS.= sin(nt +6) cosec(-mw +6) sin(3w - 6)
_ * ' cot 333° — cos 567°
: sxrl}e __—cosec®  cosec® 7. 1an297° + sind77°
—-sinB cosec [-(m —6)] sin@
—cosec 06 cot333° — cos567°
=D e -9 cosec?0 = LHS. = 9975 ena77e
—cosec 0 9 cot(360° — 27°) — cos(540 + 27°)
e = T@n(270 + 27) + sin(450 + 279
o
B —cosec?e —cot27 — (~cos27)
= R.H.§. ‘ = —cot2? +cos27
sin(-8) - tan (E - e) - sin(% — 6) - sec(3—" + e) _ zcot27 + cos27
4. 2. 2 = —cot27 + cos27
sin(w + 0) - cos(%‘ - 0) - cosec (X — 0) - cot(2m — 0) =1 = RHS.
S d sec? 129° — cosec? 31° : |
] HLS: s cosec39° - se
sin(~6)tan (g - 9) sin(rt — 0)sec (32_1t i 9) b : [March 20
e : : ey % oo s sec?129° — cosec? 31°
sm(1§ + 0) cos(7 = 9) cosec (1 —,0) cot(2n — 6) Al S o n 08 oad 1910

&=



grion Formulae and Factor Formulae m
10. sino. - sin(B - 7) + sinf - sin(y - o)

sec” (90 + 39)° — cosec” (90 — 59)° P B T s

gt el mw  [LH.S. = sino sin(B — ) + sinp sin(y - «)
sosec? 39 — sec? 59° + siny sin(o - P)
cosec 39 + secb9° = sinasinBcosy — cosPsiny] + sinp[sinycoso —

cosy sina] + sinylsina cosp — cosow sinf]
cosec39° — sec 59°)(cosec39° + sec59°) g . F ey
= in - sin in siny —

= T TR sinosinBcosy — sinocosPsiny + cososinBsiny

sino. sinP cosy + sinacosPsiny — cososinfsiny
# cosec 39° — sec 59° ) RS,
= RH.S. 11. (sina - cosa) - (sinP + cosp)
« B + C) = cosA cosB cosC - sinA = sin(a - B) - cos(a + )

2 - cosC - sinA cosB sinC - cosA | » [ H.S.

sinC

= = cosA + B + C) sinasinB + sinocosp — cososinp

= cos]A + (B + ()] ' — cosocosP

= cosA cos(B + C) - sinA sin(B + C) sino. cosp — cosasinB + sinosinf

= cosA [cosB cosC - sinB sinC] - —~ cosocosP
sinAfsinB cosC + cosB sinC] [sinacosp — cosasinB] —

= cosA cosB cosC — sinA - sinB - cosC - [cosacosB — sinasinf]

sinfo0 — B) — cos(o + P)

R.H.5.

(sinot — cosa) - (sinp + cosP)

1l

sino(sinB + cosP) — cosafsinf + cosp)

Il

sinA cosB sinC — cosA sinB sinC
= R.H.S.

Do It yourself e ”
(Based on Exercnse 4.1, Example 2 to 11)

10%

: (~231t) | 47141:; 21n)
e 3 tan »6 + sec T cm: z

I ts"" g
90 hap iup "“‘3
| 3 :v

“ COS(_;%E " X)

L cos5° - sin21_5° - ""21"

tan(lg)m A) cos(}fiﬂ: 5 A)Sm(gzzgu ) ;

6 smlO" + sm2£)° + sind0° + sm190° + sm200“ + smEQGQ -0

i a8 oin - 257‘ *.;' '
+sm a ‘sm 4 sm a _0

37: . 411:_
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12. For AABC prove following resulits :

(1) sin(B + C) = sinA
» sin(B + C) = sin(180° — A)
(- A+B+C=
= sinA
(2) cos(A + B) = -cosC
= cos(A + B) = cos(180° - C)
(- A+B+C=
= —cosC
B+C A
(3) sin| —5 = cos
. (B—FC) _[1&)—Aj
i 2 sin 2 = sin _—2__
(-A+B+C=
A
= Sm(90——2—)
RIS
= cosy
(4) tan(A - B - C) = tan2A.
mw tan(A - B — C) = tan[A - (B + C)]

tan[A — (180 — A)]

(- A+B+C
tan[A - 180 + A]
tan[—(180 — 2A)]
—tan(180 — 2A)

(~+ tan (-0) =

—[-tan2A]
tan2A

I

180°)

180°)

180°)

180°)

—tan®)

(5)

|19

(6)

gy

sin(B + C) - cos(B + C) siné s 2

2
. (B+C B+C) .
sin e cos| - sin(m + A) o8
= 1.
L.H.S.
A -
sin(B + C) cos(B + C) sin§ cos—4
e el CTERER
sin| - 5 cos 5 sin(m + A) cos

A -
sin(180° — A)cos(180 — A) - singcc-s =

(180 - A 180 — A :
sin 5 cos 5 (—sinA) cos

o B
- sin—cos—+

2 2
sin[90 - %) cos(‘)() - %) (—sinA) (cos &

sinA - (—cosA)

sin é cos é
e SBin A0

2
cosésiné
Z
=1 = RHS!
If cosA = cosB cosC,
2cotB cotC = 1.
Given cosA = cosB cosC
- cos(l80° = (B + C)) = coSB tott
—cos(B + C) = cosB eosC
—cosB cosC + sinB sinC = cosB cosi3
sinBsinC, = cosBcosC + cosB cosC
2cosB cosC = sinB sinC
2cosBcosC
sinB - sin€ &= 1
2cotB cot€ = 1

then prove

For AABC prove.

B+C
(1 cos( ; )= sin%

@ :
3
(@ For AABC prove that,

. & B C
(i) cot5 cot5 cot

B+C B+C
sin(m) COS(T) sinA cosA + sinA

2
If AABC is a right angled triangle then cos2A + cos?B + cos?C = 1

Do ‘Ityo'dtjvself

cosé sinB + €) -

A B C ..
= coto cotm + cotw (i) tan 5

(Based on Exercise 4.1, Example

5 cosiB + C) = 0

A+B

cot% :




| wasision Formulae and Factor Formulae m

sawex quadrilateral ABCD prove that, | 14. For cyclic quadrilateral ABCD prove that,

-~ B + sin(C+D) (1) cosA + cosB + cosC + cosD =0
i ol CH) +sin(A + D) = DOABCD is a cyclic quadrilateral
Q. < 13 - e TR
BnA + B) + sin(C'+ D)
B9 - (C + D)) + sinlC + D) w LHS. = cosA + cosB + cosC + cosD
. —sin(C + D) + sin(C + D) — cosA + cosB + cos(m — A) + cos(t — B)
- = cosA + cosB — cosA - cosB
- <in(B+C)+sin(A + D) = 0 = RHS.
e sin[21c - (A + D) + sinlA-+ D) (2) sinA + sinB = sinC + sinD
- —in(A + D) + sin(A + D) w [JABCD is a cyclic quadrilateral.
e ( A+C=nandB+D-=m
BES. - RHS. m» LHS. = sinA + sinB
L -B+C)+cotDh=0
BB .C+D=2n =sin(1c—C)+sin(n—D)

sinC + sin D

R.H.S.

- coffA + B+ C) + cotD
- cot(2n — D) + cot D)

e ot D “'got D

= 0 = RHS.

&

Do It yourself

i e e

~ Based on Exercise 4.1, Example 13 and 14) ‘ ,
W For a convex quadrilateral ABCD prove that tan(A + B+C +tanb=0
@ For cydic quadrilateral ABCD Prove that tanA + cotB + tanC + cotD = 0.

B I AABC cotB + cotC = 1 = sinB sinC = sinA.

o

16.1f 6 = %’E, then prove that cos20 - sin20

fe-0-= %, then prove that 2sina - cosp
e - 2tan® + sec?0 - dcot?20 = O.
$ J3sinp. w»  cos2f — sin®@ — 2tan® + sec?0 - 4cot?0
. = il 19n
B 6 = cos“ 7 sin 2tan—
T + seczl—9£ - 4cot21?E
! e 2.t B 4 4
xample 1 n n
| e = c052(5n—1) = sin2(5ﬂ—z)

| sina. = sin(g & B)
f - 2tan (5n = —Z‘) + sec? (575 = %) — 4cot? (575 = %)

d . I T
sinat = smgcosB + cos6smB

R (—t 1‘_) 2
sin 2| —tan 4+ SeC
3 4 4

sinot = —;— -cosp + —é—sinB .
- 4cot2§

I
(P
o)
w
A

2sina, = cosp + +/3sinp "
2sina. — cosp = +/3sinp = (ﬁ) ”(
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1 i (2) sinx + sin(n + x) + sin(2n + x) + ....
=§_§+2+2—4 terms.
D= R ES) ™ sinx + sin(t + x) + sin(2r + x) + sin(3n
17. Evaluate : + ..
) T . 5 3m = sinx — sinx + sinx — sinx + .... 2n
S Al * oy e s 2, LY
(1) sin 13 t+ sin 12 * sin 3 *+ sin 2 =1
3) cosx + cos(n - x + cos(2n - x) +
- sinzﬂ + sinzll—n & : ( ! {
12 12 cos(3n -~ x) + ... + (2n + 1) te
w RH.S. = sin? i + sin? = L + sin2-= u if x =
12 12 12
"* cosx + cos(m - x) + cos(2m - x)
+ sinzllg + sinz«?zE o sinzl—ll—zE +oos3m = k) F'u . @+ 1)
: " = CO0SX — COSX + COSX — COSX + .... (2n + 1)
9 T 9 3m _o[bT-m _
= sin“~+ + sin“—— + sin = (*+ 2n term becomes zero and one term incr
12 12 12
) ' = + Cosx
S BT+ T 6m + 31 12n-= A
- . 9 2 N
+ sin L“_—IZ ) + sin ( 17 J + smz( 15 ) =T cosg = +_;_
s osin2 B ogBn .25_1) n 3n 97
= sin35 + sin 75 + sin (2 19 (4) cot20 cot20 cot20 cot 20 cot = 20
T, T 3n ¥ T 3n 5n n O
- sin2[§+§) + sin2(2 12J + sinz(ﬁ_ﬁj LR 20 CoLgn ot an el R
3 Ga w0 SoE - % t(LE)_ t(E_
o - BT B T cos? = e g s s
12 12 12 12
s 3n 3n i
3 n = cot% cot20 i tan§6 : tan%
+ cos?—= + sin2--
12 12 ( ol
fa2 & 2 & 23n 23n e
L 2 sin® 12+cos 12)+(sm 1p T cos 12) :
T . 3n . 3n
= 2M)"% = cot2O : tar120 i cot20 tanzo
=3 ARG =]
& L Do It yourself
% Evaluate (1 to 3) ‘ .

2 sin 7 sin>r

(1)

3
14

e o
cos<37 > c0s°82 2

14 S}niz: o




gition Formulae and Factor Formulae

whether each of the following
iive or negative.

85 + cosl55

B - c0s155

0 — 25) + cos(90 + 65)

5 - sinbb ,
= < 65° is in the first quadrant and sine

[

W =oreasing (T) function in the first quadrant.

25" < sin65°
‘» mlS® — sinb5 < 0
| .« sian of the given function is negative (-ve)

= _6n
‘ - + cot 7
m (ﬁ_n)
= + cot 2

6w

[April 2012]

i

(4)

" 2

2n
- tam14 >0

. The given number is positive.

) EsaE
.an14

(3) tan111°-cotl11l°

tanl11° - cotlll®
= tan(180 — 69) — cot(90 + 21)
= ~tan69 + tan2l

Now 69 > 21, tan is an increasing function in
the first quadrant.

.. tan69 > tan2l
. tan21 - tan69 < 0O

- The given number is negative.

g
cosec 12 + secC 12

LN
cosec 12 sec 12

= - cot— (n—g’ﬂ) (E_Jr_“,)
‘ 4 19x 19x = Ccosec 12 + See 2 12
e o - cot—1—4— . 5n % k3
. coseCT5 ~ COSeCys
=) (o) -
i X~ 7, ) - cot{p 4 Now 1_ZT£ > TT[Q and in first quadrant sine is an
- R 2x i tan—s—T—c- increasing function and hence cosec is a
" 14 14 decreasing function.
B 2z 5o : : : N
| Mz i < 14 tan is an increasing function in cosec% < cosecl—ni
W Srst quadrant. £ =
o - . coseCTy ~ COseCTy <0
i - i TS . The given number is negative.

' Determine whetherth& imbe:

Do It yourself
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R e G g < 6 < 7, then find the
value of ST = 6) + tan(r + 6) + tan(4r — 6)
. (3m 51
sm(T + 0) + cos(T - 6)
i tanf = —% and g <0 <
1 + tan?0 = sec26

32
" 201 e
.sec’0= 1 + ( 4)
9
1+ 16
25
- 16
5 . &
' secO = ~Z (*~ 6 is in the second quadrant)
4
.y CosB = B
sin%0 = 1 — cos20
42
oF gl (‘3)
e 16, ol
- - 25 25
. 3 e
", sin@ = 5 (- 8 is in the second quadrant)

sin(m — 6) + tan(r + 6) + tan(4n — 6)
sin(?fz—Tc + 6) + cos(% - 6)

sin® + tan® — tan®
o —cos0 + sin®

ow

20.

(1)

(2)

sin®
= sin® — cosO

Prove that sin(nn + (-1)"0) =
ne N.

If nis an even number then

sin6,

letn = 2m, me N
sin[nmt + (=1)"9]

= sin[2mmn + (1)2mg]
sin[2mn + 0] (- (-1)2m = 1)

2mm + 0 expresses the first quad

= sin@ (-
If nis an odd number then,

letn =2m + 1, meN

sinfnt + (-1)"9]

sin[2m + 1)m + (-1)2m + 1g]

sin[@mr + 1)m - 0] (v (-1)2m+1 = 1)
(2m + 1)t — 0 expresses the sea

sin@® (-
quadrant)

Do it yourself

sm{n —- 8} + tan(n + G) 4 tan(%: 0)

(s

an(

B) 0



i Swemulae and Factor Formulae 1391
_ Exercise 4.2 [Textbook Page No. 78] h ’ .

— —(cos(60°) cos(—45°))
= —cos60° cosdb®

\ - mm? 7%
1L
el e p
o 9 (- cos(-8) = cosB, cos is an even function.)
Y (.1 Y iy
2 5‘”(372 72) - T22
T Ry - e

(3) cos? 377 -sin? 371

mw  cos? 37%O — sin? 37%O

e e 1° 1°
- = cos(37§ + 37—2— ) 'Cos(37§ _37§ j
o~ 2 710
. ) ~ °° e = cos(75°) cos0°
= cos(45° + 30°) (1)
‘ '.%: — sin® (BZ%OJ} = cos45 co0s30° — sin45 sin30°

ap saEgg Tl T
R I G
o =1

» — sinZa. = cos(o. + B) cos(a — PB)) 27

Do It yourself

(Based on Exercise 4.2, Example 1)

oos245° — sin?15° ‘ \ ~ (Ans. 3[5 )

1t
|ii

!
il

2 2 . .
cos” 33° — cos” 57° . ,

L 921° | s69° . (Ans. -42)
=2 .

1 , ,
!’-w'e that : sin2A + sin?B + cos?(A + B) 1 - [cos?A - sin?B] + cos(A + B)
| > 25‘“"\ sinB - cos(A +B) = 1. [cosAcosB — sinAsinB + 2sinAsinB]
PRS- sin?A + sin?B + cos?(A + B) + 1 - cos(A + B)cos(A — B) +

2sinA sinB - cos(A + B) cos(A + B) [cosAcosB + sinAsinB]
- 1 - cos?A + sin®B + cos(A + B) _ 1 - cos(A + B) cos(A - B) +

[cos(A + B) + 2sinAsinB] cos(A + B) cos(A - B

= 1 = RHS,

|
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3.(1) If cosA=1, cosB=1> and 0<A,B<Z,

7 4
then prove that A - B = %
DHereO<A<% ..... (i)
0 <B«< g
0>-B > —%
-5 < =B = 0258 “pea (ii)
Taking (i) + (ii),
i T
—§ < A-B«< 5
Thus (A -B) is in either first or fourth quadrant.
i
Here to prove A - B = 3
sinfA - B) = g is to be proved.
-» cos(A - B) is positive in the both the quadrants.
1 T
Now cosA = 7,O<A< 5

. sinA = ‘[1 — cos® A

4 - Saud®
- 49 ~ V49

., sinA = %@ ...... 0
Also cosB = 14
sinB = /1 —cos’B
169
= 1—%
Lz B
196 14
Now sin(A — B) = sinA cosB - cosA sinB

= o E e
(+/3)

7(14)

(4(13) - 3)

1 3 ‘
(2) If sinA= 7=, cosB= 7= and 0 < A_
V5 V10

I 2

- sin(A - B)= —@
2
P
= sing
n
A-B = 3 i proved.

5

then prove that A + B = %
. = 3
sinA = N cosB = 0
cos?A = 1 - sinA | sinB =1 -
2
1
= 1(J5J s
4 - i
- - 10
1
. cCosA = _\/_5 . sinB = :/_1_6
s i
('.'()<A<§) (-.-0<B<§ﬂ
Now sin(A + B) = sinA cosB + cosA
B ee T
- J5 J10 V5 10
3 i 2
=5 W10 5
_3+2
~. 45410
= E R
- J5.410
o B
= 1D
_Hie
- Y10
1 n
= Jz = sing
i
LA+ B = i



. 4. Addition Formulae and Factor Formulae

1) Find the quadrant of P(a-B), if

"

12 3=

A _12
coso = ¢, cosf = 13°

i a, B <2x.

[March 2016]

{“23—2n-<0c,[3<2n.

3 Ll e (1)
_37n<|3<21t

37T[>~—B -2n

THEL By O @
ng (1) + (2),
32—1—21t<06—[3<21t——21£

—§<0L—[3<2

+ — B is in the first or fourth quadrant.
v Plo = B) = (cos(a — B), sin(oe — B)).

- cos(o. — P) is positive in both the quadrants
w2 to determine the answer we have to veryfy

¢ sign of sin(a — P) also.

(2)

i

sin(ot — B)
o

5

(2
13

65

16

=765

)_

-36 + 20

4

B

(

i3
13

)

sinow cosp — cosa sinP

Thus sin(o — P) is negative hence P(a — B) is in

the fourth quadrant.

Find the quadrant of P(a+B), if cosa

-5 = . &
3 2 < oo < ©n and tanf = 3> ® <
3n
B < 5
-5
cosa = T3
sin2oa= 1 - cos®a
25
g
_ 14
w169
sino, = g ('.'g<a<2n)
4
tanf = 3
sec?p = 1 + tan?p
2
e
=1+ 1796—
g
T
- 3n
2, gech = -3é ('-'W<B<—2‘)
-3
- cosP = 5
o sinp = J1-cos®P
9
_ [
T %25
g
B
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sin(fa + B)= sino cosp + cosasinP

5)E)EE)
13, 5 (135

_=36 .20 _-16
65 65 65

-cosa. cosP — sinasinf

&)@
e 13 )05
_ 15,48 _63
66 bh 65

Thus sin(fo + B) < 0 and cos(a + B) > 0.

<0

cos(o + B)

>0

. Pla + B) is in the fourth quadrant.

5. If cota=%, secﬁ=—g, where 1t<0t<371c

and g<B<n. Find the value of

tan(a + B) and find the quadrant of
P(a + B).

i COBE = % =i tane =2

Now 1 + tan?p = sec?pB

o tan?p = —,/sec2 B-1
25
- f? 1

=_% ('.'%<B<n)

tano + tanf
~ 1-tano tanp

Now tan(o. + P)

4
2—§ 2
4 11
-l
3n T
Nown<oa< - and 5 < B <n
2 2
n 3n
:>n+§<oc+[3< 5 * T

3n 5n
ST <o+ P< 2

o Ple + B) is in the first and fourth que

but tan(o + B) = % > 0.

- Plo + B) is in the first quadrant.

* (Based on Exercme 4.2, Example 4

If sino =32 -
sing B e < o < 2 ’
Plo + B).

If éiﬁrx = -
of Pla - B).

4 == g
If cosar = ~55 and tanp = -

6. Determine the range of :
(1) 7sin6 + 24cos6
m  Comparing f(8) = 24cos® + 7sin® with
acos® + bsin®

=24, b =7

.31 < o < 2% and tanp -

Do It yourself ;

= (242 + (7)?
576 + 49
625

Z,
Qo
=
~
)
I
Q
N
+
o
DN
I

= 25
. The range of f(0), [-r, r] = [-25, 25]




e and Factor Formulae

i m»ula

| o
B cos - - c:osesinE =
[ O 6

1§

e 3'% =f cosf % tell

B = cin0 + 1

fe) = —;—cose + l[2_:’)15'“16 with

e 2

. The range of f6) = 3

2=az+bz=%+%

~r=1

lcosE) + ‘—/—Zis'me.

L 1]

jie -1 < —1—cose + iz—?lsinﬁ < 1

N

1

.'.—1+1£§c056+‘—/—;sin6+1sl+1

T
- 0 < cosb + sin(e—gj + 1 2

. The range of cos® + sin(e = %) +1 s [0, 21

—— Do It yourself

wwue that 5cosO + 3cos(e T ES) +7

14].

Bosd + 3cos(9 +%) + 7

- Scosb + 3 {cosecos%— sinesin%} .7

- 5cos® + 3 [cose-%—sine-ig—] 3 7

25]

in

= Hcosd + %cose - §%—B-s'me + 7
= 1—23-0056 - §g—gsine T SRR (1)
Now comparing f(0) = }gcose — S—ZJgsine with

acos® + bsind,

-
i =

9 2

13 343

o D a2 Pt il
s ] +b—(2)+( 2}
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169 27
=4 &
196
= 49
=gy
. The range of f(0) = %cose - %sine
= [-7, 7].
ie. =7 < %cose - i@sine £ 7
2
'.—7+7S1—23—cose~%@sin9+7s7+7

. 0 < 5cos8 + 3cos(9+g) + 7 <14
(.~ From (1))

.. The value of 5cos + 3cos(e Tt gj + 7 is in
[0, 14].

Express \/3sin@ + cos® in the form
rcos(0 - a), wherer > 0 and 0 < o < 2m.

Let f(8) = /3sin® + cosd
r = J&3)? + (1)? = By multiplying and dividing
by 2 f(6)
fle) = [‘/ngme +§cose)
T AT
= z(cosgcose + smgsme)
( T
= 2cosk9 e §j
Now comparing f(6) with rcos(@ - o),
=z = %

. J3sin® + cosb = 2005(9 = %)

g < 6 < 0 and cosa - /3 sina
= rcos(a - 0), find r and 6.

Let f(6) = cosa — /3 sina.

W + (B¢ =
multiplying (6) by 2,

=

2 Now dividing and

V3

1 .
f0) 2 (5 cosa — —o-sin aj

2 cosﬁcoscx = sinﬂsinoc)
3 3

i
2cos (0‘ + 5)

wole-(5)

rcos(o. — 0)

=2 and 6 = —

10. Prove:

(1) tan(g‘ - a) =

b1
fan— — tano
) 3

\/—gcosa — sinQ
cosO + +/3 sina

T
'S tan ("'— — Ol
3 1+ tan%tanoc

_ sna
COS Ol

sina

cosQl

&

\/§cosoc —sina

cos + /3 sino

V3 cos 21° — sin21°
cos 21° + /3 sin21°
tan(60 — 21)°

tan60° — tan21°
=~ 1+ tan60° tan21°

(2) tan39° =

- tan39°

_ sngl?
cos21°

1+43. sin21°

cos 212

J3 cos21° — sin21°

= cos21° + /3 sin21°
tan3A - tan2A - tanA =

- tanA
m tan3A

(3) tan3A - ta

= tan(2A + A)

tan 2A + tanA
tan3A = 1 — tan2A - tanA




Surmmelae and Factor Formulae

(5) tan25° tanl5° + tan15°tan50° + tan25°

@A tanA]
| @A tan50° = 1
s - tan2AtanA = tan2A + tanA | ™ tan75° = tan(50° + 25°)
:n2A - tanA = tan3A _ tan50° + tan25
tan75° = T an50°tan 25
- o2 - cot
A - cot3A -cot3A - cotA=1 E tan50 + tan25
A+ A) cotl>® = 773050 - tan25
JicotA -1 [ tan® = cot(90 — 6)]
£2A + cotA ‘) tan50 + tan25
L - cotA) = cot2A cotA - 1 el 1 sl anld
"""" wlt - cot3AcotA = cot2A + cotA - 1 1 - tan50 tan25 = tan50 tan15 + tanl5 tan25
s — cot2A cot3A — cot3A cotA =1 tan25 tanl5 + tan50 tanlb + tan50 tan25
=1
” semagss 1O lt yourself e
wm Exercise GZ Exampie% . -
g - sino = rco‘.a(e - 0) then hnd r and 9 where 0 <: 9 s ., >0
L + cosf = rc:@sia fx} then fmd r and a where 6 <a<

l i cosa — sina =
(Based on Exercxse 4 ‘2 Ex
:"chose - sme

tan25° + tan75° + tan80°
cot15°® + .

tan5° tan35° + tan35° tan50° \+ tan50° tan5° =1
tan25° - :
35° + c&tﬁi{)é -f c0t15° co{35° cc;tf-i(}"

——

" cos(a 6} then fmd r and 6. where 0 < 6 2n, :

No, Iﬁ)

tarl75° tan80°

i &-B = %, then prove that (2) (cotA-1)(cotB-1)=2
ranA) (1 +tanB)=2 w A+ B = %
- I
4 .. cot(A + B) = cot%
= A+ B) = tan% '
cotA cotB -1

@nA +tanB cotA +tanB ~ 1
I - tanA tanB

i - cotA cotB - 1 = cotA + cotB
‘“:'ﬂ': 4 tanl; =5 —AtanABtanB; -, cotA cotB - cotA — cotB = 1
.-«1 el R s - cotA cotB — cotA - cotB + 1 = 1 +1
1 + tanA + tanB + tanA tanB = 1 + 1 _ SALCSHB = 1) — L(EatB N 9
1 + tanA) + tanB(1 + tanB) = 2 R g 1CO " .
Vs A i +tan) =2 . (cotA ~ 1)(cotB ~ 1) =
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12. (1) Prove A + B = & — tanA fanA + tanB 1
2 =
1 - tanA tanB tanC
= tanB + 2tan(A - B)
. tanA tanC + tanB tanC = 1 -
» A+ B = —725 . tanA tanB + tanB tanC + tanA
: (2) cotA + cotB + cotC = cotA
“A=73 -B "
S A+B+C=(2k+1)§
T
. i L ;
g ta“(z ) ~A+B=(k+)E-C
. tanA = cotB 2
1 . cot(A + B) = cot[(2k+ l)g—cg
. tanA = J
tanB
»tanA tanB = 1 00 .. (1) cotAcotB -1 o 1
tanA — tanB cotA + cotB tanC = cotC
i e S ey ; 3
S, et ER it 1)-2— — C expresses the first
~ tan(A - B) = N v (- From (1)) quadrant)
Sl R SR . cotA cotB cotC — cotC = cotA +
" tanA = tanB + 2tan(A - B) . cotA + cotB + cotC = cotA cotB
(2) Prove tan65° = tan25° + 2tan40° 14. A + B+ C=kn, ke Z then p
o1 65 = A0 4 9% (1) tanA + tanB + tanC = tanA tanB
. tan65 = tan(40 + 25) R O =
~A+B=k-C
tan40 + tan 25
Nian65 — R e -~ tan(A + B) = tan(kr - C)
- tan65 - tan65 - tand0 tan25 = tan40 + tan25 tanA + tanB
1- tanA @nB = “tanC
" an65 — tan(90 - 25)tan40 tan25 = tan40 + tan25 4 an
~ tan65 - cot25 tan40 tan25 = tan40 + tan25 (v (kn - C) expresses the second or fourth
. tan65 - tan40 = tand40 + tan25 . tanA + tanB = —tanC + tanAtanBt
~ tanb5 = 2tan40 + tan25 which is the " tanA + tanB + tanC = tanA tanB
required result. (2) cotB cotC + cotC cotA + cotA co
T mw A+ B+ C =kn
13. HA+B + C = (2k + I)E, k € Z, then prove L4 PP e .
that, " cot(A + B) = cotlkn - Q)
(1) tanA tanB + tanB tanC + tanC - tanA = 1 cotAcotB — 1
™ tanA tanB + tanB tanC + tanC tanA = 1 cotA + cotB = —cotC
P " - (v (km— C) expresses the second or fourth q
I b= 2k + 1)5’ keZ s~ cotA cotB - 1 = —cotA cotC - cotB
N . cotA cotB + cotB cotC + cotA cotC
'.A~B=!’2k+1)§—C
15.1f tanA=3, tanB = 1, 0 < A, B
= tan(2k + 1)% = %
then prove that A - B = =
—ecolC 4
¢ tanA — tanB
" ~. 5 — Cisin the first or third quadrant) | ™ tan(A - B) = 15 anA Bnb Ny




Formulae and Factor Formulae

1
3

@

# = 2 and tanC = 3 in AABC, then
fhat tanA = 1.

A+B+C=m

"MME - C) = tan(r - A)

mm® - tanC

s oc - A
e - -tanA
03
_‘—- = —tanA
. = -tanA
et = 1
g <2 B < —122’ e a:]-l and
M —1— T
\ = 94+ 1> Prove that A + B = it
— _tand + tanB
i = 1-tanA tanB
A
L, . 2a+1
R
a+1 2a+1
a2a+1)+(a+1)

= (@+1)(2a+1)-a
2a° +a+a+1
T 99 +%a+a+1l=0

2¢% +2a+1
T 99 £ 2041

= te R

13

A+B=—Z—

18.fa + B =6, a - B =

sin®
sin¢

Il

then prove that

tano _ X

tanf v
applying compouando and dividando.

"3

tano + tan _ x+y
tano — tanf ~ x -V

sinf3
cosp _x+y
sinf - x -V
cosP

sino
cos o
sino
cos ol

sinoicosP + cososinB  x +y
sinc.cosP — cosasinf  x — Y

sinfd +B) _ x+y
sinflo—B) x-V

sin6:X+y
sing x-Y

tan(A - B) | sin?C
tanA sinA
that tanA tanB = tan2C

19. = 1, then prove

[April 2013]
sin? C
sin? A

tan(A — B)
tan A

tan(A — B)
tan A

N

=1

> sin” C
sin® A

sin(A — B)cosA sin? C
~ cos(A — B)sinA  sinZ A

cos(A — B)sinA — sin(A — B)cosA _ sin? C

cos(A — B) sinA & sinZ A

sin[A — (A — B)] . sin? C
cos(A — B) sinA  in? A

sin B v sin? C
cos(A — B) sin A
sinAsinB (A - B)

s Caton i
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sinAsin B

5 = cosAcosB - sinAsinB
sin® C

1 cosAcosB — sinAsinB
sin? C 3 sinAsinB
. cosec?C = cotAcotB - 1
.1 + cosec?C = cotAcotB
. cot?C = cotAcotB
. tanAtanB = tan?C
20. If tan(A + B) =
then find tan2A and tan2B.
= tan[(A + B) + (A - B)]

tan(A + B) + tan(A - B)
= 1-tan(A + B) tan(A — B)

R .
. tan2A = % = -1

~ tan[(A + B) - (A - B)]

tan(A + B) - tan(A - B)
~ 1+ tan(A +B) tan(A — B)

. tan2B =

. tan2B

3 and tan(A - B) =

nsino cosqo

21.If tanf = 1-n.sinlo’ then pre
tan(oc - B) = (1 - n)tanc.
w  tan(a — B)= (1 - n)tana
— " tana - tanP T
tan(o ~ B)= 1+ tano tanf

sino nsino, cos o
Cost 1 — psin? o
sinoe nsino coso.

cos0 1 — psin? g

1+

q . . 2
SiIno — I’ISll’l3 O — nsino.cos

~ cosol — nsin® o coso, + nsin® a

an(o. - B)

sina — nsin® o — nsin ofl - sin® o)

coso

sino — nsino
cosQ

sino
coso

(I -n)

= tano (1 - n)
Thus, tan(e — B) = (1 - n)tano.

s Do It yourself

If 2tanB ot
B smB SSm

sin;(xk -
" osin(x+¢) T

_ Prove

én prove. :i:hai 2sin(A + Ig) mzz + n* - 24

then prove tha% cot{A B) = cot(A + B)




e -

T TR

n(26)

n2o
58
oS 2
| 50
. I R sin
il - sin(0)
1% - cos36

| o
. .

s + cos80

18 + 30° + cos(116 - 36)

srmulae and Factor Formulae

_ Exercise 4.3 [Textbook

. % sum or a difference:
(6)
sin(760 — 36) =
(7)
111
% _9)
T
(8)
il 3
(79 = 59)
2 2
(9)
"3

149

Page No. 81]

2cos % cos 32
C052C082

50 36 50 36
=cos7+-2— EEesl s 9

= cos(40) + cos(8)
sin90 sinl110

= —% [-2sin116 sin96]

+ (=0

[cos100 — cos26]

Il
l\'Jl»-—l DO

5 [cos28 — cos106]

St 22 sin 0

sin 5 sin—g

= —25in99— sze_}
2 2

o152 -e(Z).

= —[cos88 - cosb)]

= cos® — cos86
2sinfcosb

2sin(@ + 0) + cos(6 — 6)
2sin26 - cosO

2sin20 (1)

2sin26

2<in50 cosO

?.‘Siﬂie‘ ce%g
2 2

2c0s76 sin50
. 30

2cos76 cosb
2sin760 sin30
2sinZ0
2cos?0

E 10
Z2cos 5 sin5

ss the fplioﬁzing‘ in the fmm of the. snni or the product.

' )[’H'int" ’Zsmzemzsmasmﬁl .

Do It yourself |

(Based on Exemlse 4.3, Example 1)
' (Ans. smﬁb + sin49)
(Ans.‘ sm29 + sin®)

,(Ax}s.. sialZﬁ - sin286)

_ " (A;né. sin70 - sind@) ‘

~ (Ans. cos86 + cos68)

(Ans. cos46 - cos1086)

~ (Ans. 1 - cos28)

(Ans. 1 + cos28)




2. Find the value :
(1) 25in%%C -sin%

Bt T 5n W
=  COS ﬁ‘i‘z‘ - cos ﬁ+_1_2_

4r 6T
cos\719 ) ~ cos| 12

T n
COS(E) = COS(_Z’)

Nl

. -1
=g T B T e

(2) 2sin 12 cos 1o

_(5m  Tm _(5m _Tm
w sin| 75t 12 + sin| 79 ~ 12

[ 12n N =2p
sin| 75 | + S a2

1 1
“0 Sy =¥
5
(3) 2cos% -sinTZT—c
> 25in—5E cosl
12 12

I

_(6rn ~ (4n
sin —1_2' + sSin -1—2_

sinTt -+ s'nTt
A& =
2 3

I

3

=1+—2—

2+J§
2

(hm. B _(bg . &
sin Tﬁ+ﬁ + sin -1-2-—-1§

sint — sin(%) (-+ sin(-8) = —sin0)

)

(4)

inap-

(5)

4

(6)

(4
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5n  n 5n  In
cos ﬁ"'ﬁ + COS ﬁ—ﬁ

12=n —2n
= cos| {9 + cos| 19

= cosm + cos-16E (- cos(-8) = cos0)

V3

='—1+-—§—

B ~2
2

8cosl1b5° cosA5° - cos? 5°
cos4b° - 4(2cos75° cos15°)

(Rearrangement
1
=5 4 [cos(75 + 15) + cos(75 —
4
=J2 [cos90° + cos60°]
4 I
1

8sin10° - sin50° sin70°.

4(2sin50 <in10) sin70 (Exchange of 1
4[cos(50 - 10) - cos(b0 + 10)] st
= 4[cos40 - cos60] sin70

1
= 4[C0540 = E]sirﬂo.

45in70 cos40 - 1 %sirﬂO

2[2sin70 cosd0] - 2sin70
2[sin(70 + 40) + sin(70 - 40)] -
2[sin110° + sin30°] - 2sin70

. el
= z[smllo +-2-] — 2sin70

1
2sin110° + 2(5) —~ 2sin70
25in(180 - 70)° + 1 - 2sin70
= 2sin70 + 1 - 2sin70
=1

I



